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Abstract 

In this paper we investigate mapping classes on oriented surfaces of finite type constructed 
from Coxeter graphs with extra structure called mixed-sign Coxeter graphs. As in Thurston's 
construction for classical bipartite Coxeter graphs, properties of the mapping classes reflect 
properties of the corresponding Coxeter systems. A feature of the more general setting is that, 
whereas for classical Coxeter graphs the dilatations of pseudo-Anosov examples are bigger than 
or equal to Lehmer's number, the dilatations of pseudo-Anosov mixed-sign Coxeter mapping 
classes can be made arbitrarily close to one. We verify that the minimum dilatation orientablc 
mapping classes of genus 2,3,4, and 5 found by Lanneau and Thiffeault can be obtained by 
this construction. Further, we find a sequence of graphs whose associated mapping classes are 
pseudo-Anosov, have unbounded genus, and whose genus-normalized dilatations converge to 
one plus the golden mean, which is the smallest known accumulation point of genus-normalized 
dilatations. 



1 Introduction 

In this paper we define and study properties of a family of mapping classes, called mixed-sign 
Coxeter mapping classes, associated to Coxeter graphs T with extra structure. As we will show, 
these mapping classes have the property that if (S, if) is the mapping class associated to a mixed- 
sign graph (r,s), then the spectral radius of the action of (j) on the homology group Hx(S;M), or 
the homological dilatation Aj lom (0), equals the spectral radius of the generalized Coxeter element 

of(r,s). 

Mapping classes associated to bipartite Coxeter graphs have been studied in [38] [25] . For pseudo- 
Anosov mapping classes, the minimum dilatation is bounded away from 1 in this family. We 
will show, however, that Mixed-sign Coxeter pseudo-Anosov mapping classes can have dilatations 
arbitrarily close to 1. 

Given a mapping class (S,cp), the closure of (S,4>) is the pair (S,cp) where S is the closed surface 
obtained from S by filling in boundary components with disks, and <j> is the isotopy class of the 
extension to S of any homeomorphism in the equivalence class of (p. 

'This work was partially supported by a grant from the Simons Foundation (#209171 to Eriko Hironaka). 
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Question 1.1 For which g can the minimum dilatation orientable pseudo-Anosov mapping classes 
on a closed surface of genus g be realized as the closure of a mixed-sign Coxeter mapping class? 

We verify that the minimum dilatation orientable mapping classes for genus 2,3,4, and 5 are real- 
izable as the closures of mixed-sign Coxeter mapping classes. 

Our main result, is the following. 

Theorem 1.2 The set of genus-normalized dilatations of closures of orientable pseudo-Anosov 
mixed-sign Coxeter mapping classes has accumulation point £q. 

Background. Let S be a compact oriented surface with negative topological Euler character- 
istic. A mapping class, which we usually denote as a pair (S,4>), is an isotopy class of a self- 
homeomorphism of S that fixes the boundary of S. A mapping class (S, eft) is pseudo-Anosov if 
there is a representative / of 4>, and an associated pair of /- invariant stable and unstable transverse 
measured singular foliations (J 7 ^, v^) so that f^v^ = A^ 1 ^ for some Xf > 1. The expansion factor 
X(cf>) = Xf is called the (geometric) dilatation of (S,(p) and is written X(<p) or Ageo (</>)• A pseudo- 
Anosov mapping class is orientable if its associated stable and unstable foliations are orientable, or 
equivalently if its homological and geometric dilatations are equal. 

Let T be a simply-laced Coxeter graph, and let Q = {71, . . . , 7^} be a finite collection of simple 
closed curves in general position on a compact oriented surface S, so that the intersection matrix 
of Q equals the incidence matrix for T. The pair (S, Q) is called a geometric realization of V. The 
mapping class group of an oriented surface S of finite type can be presented as the image of a 
homomorphism 

p : A(T) -»• Mod(S) 

of the Artin group »4(r) of a Coxeter graph T with the addition of a finite set of generators [I] 
[9] [22] [23] [2D] [2S] [2Z] [HI- Here the generators of A(T) map to Dehn twists around simple closed 
curves The pair (5, Q) is called a geometric realization of V. Pseudo-Anosov mapping classes with 
computable invariants realized as the product of these generators were studied in [38J [13J [25] |30| 
under restrictive conditions. The constructions in this paper apply to all simply-laced Coxeter 
graphs, and we add additional sign labels on vertices. 

Let V be the union of pseudo-Anosov mapping classes defined on compact oriented surfaces of 
negative Euler characteristic. The minimum dilatation 5 g for pseudo-Anosov mapping classes on 
closed surfaces of genus g is only known for genus 2 [8]. For orientable classes the minimum 
dilatation is known for genus 2,3,4,5,7,8 [24j |14j pQ [21]. The genus-normalized dilatation of a 
mapping class (S, (f>) defined on a closed genus g surface S is given by 

A(<^) = x(<t>y. 

For fixed g, X is bounded below by a constant greater than one, and the minimum genus-normalized 
dilatations (5 g ) 9 are bounded from above by a constant independent of g [32J. The smallest known 
accumulation point of genus-normalized dilatations is 

£q = — - — = 1 + golden mean (1) 
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[H] (see also [I] EU). 



In [38] , Thurston denned orientable pseudo-Anosov mapping classes associated to bipartite classical 
Coxeter graphs. For these examples the homological dilatation is bounded below by Lehmer's 
number ~ 1.17628 [25]. By contrast, for mixed-sign Coxeter mapping classes the dilatations 
can be arbitrarily close to one. Let £q be the accumulation point given in Equation ([!]). 

The house \p\ of a polynomial p(x) is given by 

\p\ = min{|a;| : p(x) = 1}. 

Consider the polynomial 

LT g = x 2g - x 9+l - x 9 - x 9 ' 1 + 1. 
This sequence of polynomials has the property that 

lim I LTg I = £q. 

g->oc 

In [23], Lanneau and Thiffeault ask whether the following is true: 



Question 1.3 (Lanneau- Thiffeault) Is it true that the minimum dilatation for orientable pseudo- 
Anosov mapping classes on a closed surfaces of genus g equals \LT„\ for all even g? 



From our proof of Theorem 1.2 we obtain the following. 



Theorem 1.4 An affirmative answer to Question \1.3\ implies that for an infinite number of g, the 
minimum dilatation of orientable pseudo-Anosov mapping classes on a closed surface of genus g is 
realized by a mixed-sign Coxeter mapping class. 



Outline of Paper. Let T be a (simply-laced) Coxeter graph with vertices V and edges £. A 
sign-labeling on V is a map 

s:V->{+1,-1}. 
The pair (T,s) is called a mixed-sign Coxeter graph. 

Let V = {vi, . . . ,Vk} be an ordering on V, and let Ar = [(Hj] be the adjacency matrix for T, that 
is, 

1 if Vi and Vj are adjacent, and 

otherwise. 

A fatgraph structure on T is a cyclic ordering on the set of adjacent vertices V v for each vertex v of 
r. A graph V with such a structure is called a fatgraph. 

In Section[2j we construct the following objects from an ordered mixed-sign Coxeter fatgraph (T,s): 



3 



1. a mapping class (Sr, 4>r,s)i where Sr is a compact oriented surface of finite type; 

2. a generalized Coxeter reflection group (Wr.s^r.s) and Coxeter element cjr, s ; and 

3. a symplectic representation of an Artin group pr ■ Ar — > GL(M V ). 

The surface Sr does not depend on s and is determined up to homeomorphism by the existence of 
a set of essential simple closed curves Cr = {71, • • • , 7&} C Sr associated to the ordered vertices of 
r with the following properties: 

(i) for 1 < i < j < k, we have 

^algCM' bj\) = t geo(7i>7i) = <Hj', 

(ii) for any fixed i, the cyclic order of the intersections of ji with the remaining jj determined by 

the orientation on 7j is compatible with the fatgraph ordering of V Vi ; and 

(iii) Sr has a deformation retract to the union lL_i 7«, in other words, the union forms a spine 
for Sr- 



The pair (Sr,Cr) is called the (oriented) geometric realization of the ordered fatgraph T. The 
mixed-sign Coxeter mapping class (Sr,4>r,s) is the mapping class defined as a product of Dehn 
twists 

where S{ is the positive (or right) Dehn twist centered at 74, for i = 1, . . . , k. 



We give a sufficient condition (Theorem 2.14) on (T,s) for (Sr, s , <ftr,s) to be pseudo-Anosov in terms 



of the generalized Coxeter element uir,s of (Wr, s , T^rs)) and show that the homological dilatation 



of <f>r,s and the spectral radius of the generalized Coxeter element wr, s are equal (Theorem 2.13). 



In Section [3j we define a general operation on mapping classes called twisting. For mixed-sign 
Coxeter mapping classes, this amounts to inductively joining certain graphs called twist graphs to 
the defining graph of a mapping class. In [2] we found a collection of mapping classes on closed 
surfaces 

C = {{S g ,<l)g) : g = 2 or 4 (mod 6)} 

so that \{<p g ) = \LT g \ for all g. To prove the main theorem, we realize an infinite subcollection of 
C as closures of mixed-sign Coxeter mapping classes. 



Acknowledgments: I am grateful to the Tokyo Institute of Technology and University of Tokyo 
for their support during the writing of this paper. 
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2 Mixed-sign Coxeter systems and associated mapping classes. 



In this section, we define from an ordered mixed-sign Coxeter graph (T,s) a reflection group Wr . 



(Section 2.1)), and a representation of the Artin group „4r 



pv : A T -> GL(I 



(Section 2.2). When T is given a fatgraph structure, we define an associated geometric realization 



(St,Ct) of T, and a mapping class 4>t,s : <Sr — >■ St (Section 2.3). The groups At and Wr,5 come with 



k standard generators {cii, . . . , cr fc } and {si, . . . , s^}, respectively. Let a and w be the epimorphisms 
of the free group (xi, . . . , Xk) to _4.r and Wr, 5 , where a(xi) = Oi and w(xi) = Sj. 



GL(I 



GL(^i(5 r ;M)) 




•GL(B 



Let o;r, s = w[x\ ■ ■ ■ Xk), called the (mixed-sign) Coxeter element. Write s(i) = s(vi), and let ar, s = 
Pt(o-^ ■ ■ -o~ B ^). The representations pr and n preserve symplectic forms, while the elements of 
Wt, s preserve an orthogonal one, but we will show 

wr, s = — o"r,s 



as elements of GL(R V ) (Theorem 2.6). The element <7r, s satisfies 



and hence the homological dilatation of ^>r,s and the spectral radius of the Coxeter element wr > 
satisfy 

\ om (#,s) = kr, s |- 



(Theorem 2.13). From this we derive a sufficient condition for a mixed-sign Coxeter mapping class 



to be pseudo-Anosov (Theorem 2.14). 



The following table summarizes the defining data for the main objects in this section. 



Data 


Object 


Notation 


r, 5 


Coxeter system 


(Wr, s ,^ r , s ) 


ordered T,s 


Coxeter element 




r 


Artin group 




ordered V 


Artin group representation 


Pt:At^ GL(R v ) 


ordered fatgraph T 


geometric realization 


(St,Ct) 


ordered fatgraph T,s 


Coxeter mapping class 


(St,4t, s ) 



Mixed-sign Coxeter mapping classes are defined on surfaces with boundary, but in some cases the 
dynamical information contained in the mapping class extends to the closure of the surface obtained 
by filling in disks. This is discussed in Section 2.4 The special case of mapping classes associated 



to bipartite Coxeter graphs is treated in Section 2.5. Section 2.6 contains examples of minimum 



dilatation orientable pseudo-Anosov mapping classes for small genus. 
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Remark 2.1 The study of mapping classes using Coxeter graphs and associated reflection groups 
has a long history in algebraic geometry dating back to the 19th century, particularly in the study 
of complex surface singularities (see, for example, [35], [10] and references therein). The focus in 
geometric topology has on the other hand been on representations of the Artin group of a Coxeter 
graph into the mapping class group. The difference comes from the fact the associated bilinear 
forms left invariant by the respective automorphism groups are different: one being symmetric 
and the other symplectic. From this point of view our results concerning special elements of the 
Artin group, and Coxeter elements of the Coxeter reflection group are part of an overlap in the two 
theories (see also [30] [TB] [17] L 



2.1 Mixed-sign Coxeter reflection group 



In this section we define mixed-sign Coxeter systems. 

Let (T, s) be an ordered mixed-sign Coxeter graph with vertices V = {i>i, . . . , v n }. For i, j = 1, . . . ,k, 
define 

1 if i = j 

rriij = ^ 2 if Vi and Vj are not connected by an edge 

3 if V{ and v j are connected by an edge. 



Remark 2.2 For the classical definition of Coxeter and Artin groups, the m% j are allowed to vary 
(for i ^ j) in the set {2, 3, ... , oo}. In this paper, we restrict only to the simply-laced case described 
above. 



Let I s be the n x n matrix with on the off-diagonal, and diagonal entries equal to s(l), . . . ,s(n). 
Let A = [ctij] be the adjacency matrix of T, A + the upper triangular part of A, and U = I s — A + . 
Then U determines a symmetric form 



B = U + U T 



on V. 



The Coxeter system (W, 1Z) = (Wr,s, T^v,s) associated to (r, s) is the subgroup of GL(M V ) generated 
by TIt,s = {si, • • • , s n }, where the Sj are defined by 

B[vi t vi) 

-Vj if i = j, 

Vj + s(i)a itj Vi ifi^j- 

Each Si can be interpreted as a reflection through the hyperplane perpendicular to Vi in M v with 
respect to the symmetric form B. If 5 = 1, then (W,<S) is the classical Coxeter system. 

Given a mixed-sign ordered Coxeter graph (r,s), we define the Coxeter element to be 

^r,5 = si---s n e Wr, B - 



6 



Coxeter systems (W,1Z), and more generally reflection systems, are classified by the type of as- 
sociated bilinear form B. If B is positive or negative definite, we say (W,1Z) is spherical, if B is 
positive or negative semi-definite, then we say (W,7Z) is affine, and otherwise, we say (W,1Z) is 
higher rank, (see [19J). 

The classical (simply-laced) Coxeter systems (W,1Z) and their Coxeter elements wr, where 5=1, 
have the following special properties (see, for example, [3] [2] |29j). 

(i) (Presentation.) The Coxeter group W has presentation in terms of the standard generators 

11 = {si, . . . ,s k }: 

(si,...,s fe : (s iSj ) m ^). 

(ii) (Monotonicity.) The spectral radius of Coxeter elements is monotone increasing with respect 
to inclusion of Coxeter graphs that respect ordering. 

(hi) (Bipartite Coxeter eigenvalue.) The spectral radius of Coxeter elements is bounded from 
below by 

(^-2) + v V-2)2-4 
2 

known as the bipartite eigenvalue of the Coxeter system. 
These properties do not necessarily hold for mixed-sign Coxeter systems. 

Example 2.3 If Vi and Vj are two adjacent vertices on T, and s(i) ^ s(j), then S{Sj has infinite 
order. 

Example 2.4 The mixed-sign Coxeter graph (I\s), where T is the complete graph on 3 vertices, 
and s = —1, is spherical. The Coxeter group is isomorphic to the symmetric group on 4 letters, 
while the three generator group with only the pairwise relations is isomorphic to the affine group 
associated to A2 = (T, +1) and has infinite order. 

Example 2.5 Property (ii), the monotonicity property, of classical Coxeter elements implies that 
there is a lower bound greater than 1 for the spectral radius of classical Coxeter elements of non- 
spherical or affine Coxeter graphs. For classical Coxeter elements with fi 2 > 2, the smallest positive 
spectral radius is Lehmer's number 

X L « 1.17628 

(see [29j), which is also the smallest possible bipartite eigenvalue of a non-spherical and non-affine 
Coxeter graph. On the other hand, as we see later in this paper, the spectral radius of mixed-sign 
Coxeter elements can be made arbitrarily close to one. 
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2.2 Representations of Artin groups 

In this section we recall the definition of the Artin group Ar associated to a Coxeter graph T, and 
define representations of ^4r associated to an ordered mixed-sign Coxeter graph (T,s). 

The Artin group of T is the group 

Ar = {ai,...,a n : \oi0 3 \ mi] = [o jO-,j\ mij ) 
where [o"«<Tj] m is the alternating product 

[0~i0-j]m = OiCJjCJi . . . 

of length m. If V is the classical Coxeter graph A n , then Ar is the braid group on the disk with 
n + 1 punctures (see, e.g., (!]). The definition of Artin group does not depend on the ordering on 
V. 

Let ^ be the vector space of real labels on the vertices of V. The ordered vertices V determine an 
ordered basis v\, . . . , v n of M v . Let A be the adjacency matrix for T. Let F be the skew-symmetric 
bilinear form on M v defined with respect to v\ , . . . , v n by 

F = A + -A~, 

where A + is the upper triangular part of A, and A~ is the lower triangular part. The matrix F 
defines a skew symmetric form on M v that depends on the choice of ordering of V. 

Let 5 be a sign-labeling for V. Define pr to be the representation 

pr : Ar -> GL(M V ) 

preserving F defined by 

pv{o-i){vj) = vj + F(vi,Vj)vi 

{Vj ifi = j, 

Vj + dijVi iii<j, 
Vj - dijVi if ^ > j. 

Then the image preserves F. We call pr the Artin representation of ^4r- Define 

s(i) s(k) 
0T, S = <V • • • <V 

to be the Artin element associated to the ordered mixed-sign Coxeter graph. 

Theorem 2.6 The Coxeter element wr )S and the Artin element o"r, s are related by 

wr, s = -pr(o-r, s )- 
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Let B c = U + clI T , for c G C \ 0. Then we have B = B\ and i 7 = Now define elements 

/{ e) ,...,#€GL(RV)lqr 

/f C) ( u i) = v j -s(i)B c (i,j)vi 

—cvi if i = j 

+ s(i)aijVi if ? < j 

+ cs(i)a,ijVi if i > j 

ThenfV = Si and ft 1} = pr(af ] )- 



Theorem 2.6 follows from the following generalization of a result of Howlett (18 



Lemma 2.7 Using the above notation 



r 1 ---r n = -cu- i u T . 



We present the generalized proof here. 
Proof of Lemma 12.71 First we notice that 



(<0 



s(l) -ai,2 -ai,3 
0(1) -a 2)3 





-cs(l) 
0(1) 





— Ol,n 
— 02,n 

0(n) _ 


— fl2,n 

s(n) 



-c s(l)ai,2 
10 





0(l)ai. 




Assume that 



J7/W . . . /(«) 



-cs(l) 

— COl,2 -CS(1) 

-ca fc) i 





L fc 
£4 



-ca k ,k-i -cs(k) 



s(fc + 1) -a fe+ i >fc+2 




s(n - 1) 









~ a k+l,n 
~Q"n—l,n 

s(n) 



Multiplying on the right by 



Ac) . 

Jk+l ~ 


I 








-s{k + l)ca k+ljl s(k + l)ca fc+1)ft 


— c 


s(k + l)a k+ i :k+2 ...s(k+ l)a fc+ i jn 










I 



(c) (c) 

amounts to replacing the k + 1st row of U f\ • • • ft by 

[a fc+1) i, . . . , a k+1>k , -s(k + 1), 0, . . . , 0]. 

Thus, 



jjAc) Ac) 
u J i "' Jk+i 



Lk+i 
C/ fc +i 



and L„ = —cU T as desired. 



□ 



For each c, the transformation / = f[ c ^ • • • fn satisfies 



f T B c f = B c . 



The following consequence of Lemma 2.7 completes the proof of Theorem 2.6 



Theorem 2.8 The mixed-sign Coxeter element and representation of the corresponding element 
of the Artin group is given by 

o; r , s = -U- X U T , 

and 

pr(crr, s ) = U- 1 U T . 



2.3 Geometric realization and mixed-sign Coxeter mapping class 

In this section, we define a compact oriented surface Sr from an ordered Coxeter fatgraph T, and 
a mapping class 4>r,s from T and a sign- labeling s. 

Let 

o : V^{l,...,n} 
be the bijection corresponding to the ordering on V, and let 

o v ■ V v -> {1, . . . ,deg(v)} 

be a bijection (determined once one chooses the value at a single vertex) defined on the adjacent 
vertices V v of each vertex v G V compatible with the fatgraph structure of T. Construct a system 
of oriented annuli T v with core curve 7„ for v £ V, so that 



1. T„ and T,,, are glued together along a square patch if and only if v and w are connected by 
an edge; 

2. if o(v) < o(w), then « a ig(7«,7 w ) > 0; and 

3. If u is a vertex, then for each of the the core curves 7^, for uu G V v , intersect 7^ in a cyclic 
ordering that respects the orientation of l v and the cyclic ordering o,; . 
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Figure 1: Positive intersection 

Here we use the convention that if 7, and jj intersect as in Figure jlj then i a \g{li,lj) = 1- 
Figure [2] shows the arrangement of T Vl , T V2 , T v . a and T v where 

(a) o v (vi) < o v (v 2 ) < o v (v 3 ), 

(b) o(v) < o(vi),o(v 3 ), and 

(c) o(v) > o(v 2 ). 

The arrows in the figure indicate which vertex comes before the other in the global ordering. One 
sees that the surface depends on the relative global ordering of adjacent vertices and the fatgraph 
structure. 




Figure 2: A local picture of Coxeter graph and corresponding union of annuli 
Let s be a sign-labeling for T. Let </>r><Sr — > Sr be the mapping class defined by 

where <5j are the right Dehn twists centered at ji. Then (Sp,<^r,s) 1S t ne Coxeter mapping class 
associated to (r,s). 

Remark 2.9 There is a natural way to embed Sr in the three sphere S 3 so that the annuli are 
twisted with a left or right twist according to the sign of the corresponding vertex on (r,s). Then 
the image of Sr is a Seifert surface for the knot or link L given by the image of the boundary of 
Sr- Under extra conditions, for example, if T is a tree, L is a fibered link with fiber 5r, s and 4>r,s 
is the monodromy of the fibration [13] . 

Lemma 2.10 The surfaces Sr depend only on the choice of ordering and fatgraph structure on 
r. Different orderings and fatgraph structures can give rise to different homeomorphism types of 
surfaces. 
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By contrast, the topological Euler characteristic of Sr is independent of the ordering and fatgraph 
structure. 



Lemma 2.11 Let Sr be a geometric realization ofT. Then x(Sr) = ~\£\> where \£\ is the total 
number of edges ofT. In particular, x($r) does not depend on the ordering of V or the fatgraph 
structure. 



Proof. The construction of Sr is inductive with respect to an ordering on the vertices V = 
{vi, . . . , Vk}- At each stage i we attach an annulus to the preceding surface along patches one for 
each vertex vj adjacent to Vi such that j < i. The Euler characteristic thus changes by the number 
of such vertices. Thus each edge is counted exactly once. □ 

Remark 2.12 We could extend the definition of (Sr, 4>r,s), by replacing s with 

e: V^Z*, 

where Z* is the set of nonzero integers, and setting 

<fc,e = ^i 1 o ••• oS e n n . 

Each (pr,e is, however, also associated to a signed graph. The signed graph (T',s) is obtained from 

(r, e) by successively replacing each vertex Vi in T with mi = |e n | copies vf\ Each of the new 

(i) 

vertices v\ of T has edges connecting it to all the vertices to which Vi was connected. The new 

(i) 

sign labels on v\ equal the sign of e. 

Let R v ^ #i(S r ;K) be the linear map defined by sending the ith basis vector to [7^. Let 
GL(R V ) — > GL(Hi(Sr;M.)) be the homomorphism defined by extending by the identity on the 
complementary space of the image of R v . 

Theorem 2.13 The induced map (4>r,s)* '■ Hi(Sr;R) — > i?i(5r;M) on homology satisfies 

(</>i>)* = Pr(o-r, s ) 

and hence 

A /iom(^r, s ) = \ur, s \- 



Proof. Let gi = [ji] be the homology classes. The choice of orientations and algebraic intersections 
of gi,. ..,9k satisfy 

9j if * = J 

gj+s(i)gi iii<j 
, 9j -s(i)gi Hi > j. 



Thus, (5i)l^ restricted to the image of ' 



pV ; 



in i?i(5r;M) equals pr(ci)- 



□ 
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Theorem 2.14 If T is connected and the spectral radius of the Coxeter element |wr,s| *s greater 
than one, then (Sr,s,<ftr,s) is pseudo-Anosov, and the dilatation satisfies 

AOr, s ) > \ur,s\- 

Proof. By the Nielsen-Thurston classification, any mapping class is either periodic, reducible or 
pseudo-Anosov [38]. Since T is connected, wr is irreducible, and hence so is the homological action 
of <pr- This implies that </>p is not reducible. 

Since ^hom(^ >r . s ) > ^' ^ r > s * s no * P er i°dic, so it must be pseudo-Anosov. The rest follows from the 
following well-known inequality (see, e.g. [54]). 

A hom(^) ^ A geo (</>)• 

□ 

2.4 Mapping classes on closures and interiors 

Let 5 be a compact surface, we have defined the mapping class group Mod(S') to be the group 
of isotopy classes of orientation preserving self-homeomorphisms of S up to isotopy relative to the 
boundary of S. Consider the interior int(S) of S. Topologically, this is homeomorphic to a surface 
with punctures one for each boundary component of S. Let Mod(int(S')) be the group of orientation 
preserving self-homeomorphisms on int(5) modulo isotopy. Then the map 

a : Mod(S) -> Mod(int(S)) (2) 

defined by restriction has kernel generated by Dehn twists centered at boundary parallel simple 
closed curves. Note that the homomorphism in (|2j) is not onto, since elements of Mod(int(S)) 
only preserve the punctures of int(S) as a set, while elements of Mod(S) preserve the boundary 
components. 

The following results are well-known, and are contained for example in [3]. 

Lemma 2.15 If(S,(p) is a pseudo-Anosov element ofMod(S), then a(S,cj)) is also pseudo-Anosov, 
and the dilatations are the same. 

Proof. If (S,<p) is pseudo-Anosov, and ( , v^- ) are its associated stable and unstable foliations, 
then ( T^- , ) also define stable and unstable foliations for a(S,4>), and the stretching factor A is 
also preserved. □ 

Let S be the closed surface obtained by filling in the boundary components of S with disks. Then 
there is a homomorphism 

P : Mod(,S) -> Mod(S) (3) 

defined by extending over disks. This map is neither one-to-one nor onto. Furthermore, the image 
of a pseudo-Anosov mapping class is not necessary pseudo-Anosov. We will write (5, <fi) = j3{S, cj>). 
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Lemma 2.16 // (S,(f>) is pseudo-Anosov, and none of the boundary components are 1-pronged, 
then (S,4>) is also pseudo-Anosov with dilatation \((j>) = A(<^). 



The idea of the proof is that if there are no 1-pronged boundary components, then the stable and 
unstable foliations of (S, 4>) determine invariant transverse measured foliations for (j) with expansion 
factor X^ 1 for A = X(4>) (see, for example, [15], Lemma 2.5). 



We can also refine Lemma 2.16 as follows. Let (S, (j)) be a mapping class, where S is compact. For 
any boundary component b of S, let b = b%, . . . , b s be the orbit of b under the action of (j). Let 
cl(S, b) be the surface obtained by filling in the boundary components b\, . . . , b s with disks, and let 
cl(cp,b) be the extension of 4>. Let cl(S,4>,b) = (cl(S,b), cl(4>,b)). If (S,cj)) is pseudo-Anosov, and b 
is m-pronged, then all orbits of b are also m-pronged. 



Lemma 2.17 If(S,(p) is pseudo-Anosov, then (cl(S,b), cl(4>,b)) is pseudo-Anosov if the boundary 
components b%, . . . , b s are not 1-pronged. In this case, 



\{d{4>)) = \{4>). 



The proof is the same as for Lemma 2.16 



2.5 Bipartite graphs 

In this section we collect some special properties of mixed-sign Coxeter systems, and mixed-sign 
Coxeter mapping classes associated to bipartite graphs. 

A Coxeter graph V is bipartite (with bipartite ordering) if 

(i) its vertices can be separated into two disjoint sets V = Vi U V2 where the subgraph of T 

generated by Vi has no edges for i = 1, 2; and 

(ii) by the ordering on V has the property that the elements of Vi proceed all the elements of V2. 



A graph T is bipartite if and only if it contains no odd cycles. Given a sign-labeling s of a Coxeter 
graph T. Let s be the sign-labeling defined by s(v) = —s(v) for all v G V. 



Theorem 2.18 IfT is bipartite, and 5 is any sign-labeling onT , then (Wr,s,^r,s) an d (Wrsj Kn) 
are conjugate as subgroups of GL(TZ V ), and, in particular, the spectral radius of Coxeter elements 
satisfies 

\wr,s\ = l w r,s|- 
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Proof. It suffices to show that the generating sets TZr,s = {si, • • • , s^} and TZr,s = { s i> • • ■ > are 
conjugate as elements of GL(M V ). 

let V = Vi U V2 be the bipartite partition. Let ki be the number elements in Vj, for i = 1,2, and 
let A: = /ci + &2 be the total number of vertices V. Let Ik lt k 2 be the /c x k diagonal matrix with the 
first k\ diagonal entries equal to 1 and the second /C2 diagonal entries equal to -1. Then Si and s[ 
satisfy 

Si — -Mei,fc2 ^i^ki,k2 ■ 

□ 

If a graph T is bipartite, and is given the bipartite ordering, then there is a fatgraph structure on 
r so that after cutting each annulus at a transversal arc between the two boundary components, 
the surface can be placed on a plane as a union of rectangles oriented in vertical and horizontal 
directions as in Figure |3j The right diagram in Figure [3] gives the corresponding surface Sr ■ 




Figure 3: Surface associated to a bipartite graph 

The bipartite eigenvalue of a graph T is defined by 

/3 r = |x 2 -(2-^ 2 )x + l|, 

where \i is the spectral radius of the adjacency matrix of T. Note, this does not depend on the 
ordering of the vertices of T. 

The following theorem was proved for (positively signed) classical Coxeter graphs T in [29]. 




Figure 4: Two surfaces obtained from the hexagonal graph by identifying opposite short edges of 
the rectangles. 
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Theorem 2.19 Let V be a positively signed bipartite Coxeter graph with bipartite ordering. Let \x 
be the spectral radius of the adjacency matrix of T . Then either |/i 2 — 2| < 2, which implies that 
\u)r,i\ = 1, or 

|^r,i| = fr 

and hence only depends on the combinatorics of T. Furthermore, for any arbitrary (positively 
signed) Coxeter graph T, with arbitrary ordering on the vertices, 

|wr,il > fr- 
Iii [38]) Thurston gave an example of pseudo-Anosov mapping classes constructed using classical 
bipartite Coxeter graphs. These are mixed-sign Coxeter mapping classes associated to a bipartite 
Coxeter graph, with bipartite order. He proved the following. 

Theorem 2.20 If T is a classical bipartite Coxeter graph with bipartite order, then the widths and 
lengths of the rectangles in the construction of Sr can be chosen so that 4>r,s has constant derivative. 
If (fir is pseudo-Anosov, then 

AjjeoOr,.;) = A/j Om (0r,s) = fr- 

3 1 3 4 









< 
< 






\ 


/ \ 





Figure 5: Dual configuration associated to a 4 cycle with bipartite ordering 



Example 2.21 Consider the hexagonal graph shown Fq in Figure [4j Since each vertex has order 
two, there is only one fatgraph structure on Tq. For the middle diagram, there is no way to orient 
the core curves on the rectangles in a way that is orientation compatible with any ordering on Tq. 
The orientation on one curve determines the orientations on its adjacent ones. Thus, a 2n-gon 
has an orientation compatible diagram of this form if and only if n is even. The right diagram 
is compatible with the bipartite ordering. In this example, the middle surface has genus 2 and 4 
boundary components, while the right hand surface has genus 3 and 2 boundary components. 

2 1 2 4 



< 












\ 







Figure 6: Dual configuration associated to a 4 cycle with cyclic ordering 



Example 2.22 It also may not be possible to make the surface from a globally planar configuration 
of straight paths, as one can in the bipartite case. Consider for example the cyclic graph with 4 
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genus 



mixed-sign Coxeter graph 




Table 1: Graphs corresponding to minimum dilatation orientable examples for g = 2,3,4, 5 



vertices. The bipartite ordering gives rise to a planar configuration (see Figure [5]), while for the 
cyclic ordering, one can verify that there is no configuration of straight line paths that realize 
the graph (see Figure [6]). This example also illustrates that while the graph determines the Euler 
characteristic of the surface (with boundary), but ordering of the vertices can affect the genus. In the 
bipartite case, the surface has (g, n) = (1, 4), while in the cyclic case the surface has (g, n) = (2, 2). 



2.6 Minimum dilatation orientable examples. 



Table [T] displays mixed-sign Coxeter graphs that give rise to the minimum dilatation orientable 
mapping classes of genus 2 through 5 found by Lanneau and Thiffeault [23] . For genus 2 and 3, the 
equivalent integer labeled graphs are also given (see Remark 2.12). We use the convention that a 
filled in vertex is given the sign label '+1' while the unfilled vertex is given the sign label '-1'. 



Let 5^ be the minimum dilatation for an orientable pseudo-Anosov mapping class on a closed 
surface. The minimum orientable examples for genus g = 2, 4, 5 can be realized as the closures of 
classical Coxeter mapping classes associated to bipartite graphs constructed in [3S] • For genus 
4 and genus 5, the graphs are the classical hyperbolic extensions of the Ej and Eg graphs, and in 
the genus 5 example, the dilatation is equal to Lehmer's number. The hyperbolic extension of E& 
is given in Figure [7| It's corresponding mapping class is defined on a surface of genus 4, but it has 
the same dilatation as the genus 3 example given in Table [T] 

The sequence 5+ converges to 1. Moreover, we have 

log(<5+) x \ 

y a 

(see |15j). Thus, classical Coxeter mapping classes cannot realize small dilatation orientable map- 
ping classes for high genus. 
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Remark 2.23 One can also study dilatations of pseudo-Anosov mapping classes (S,(ft) in terms 
of the topological Euler characteristic x(S)- This is well- motivated by the following. Given a 
pseudo-Anosov mapping class (S,4>), let 

L{S,<ft) = A(</>) lx(5)l 

be the x- norma ^ ze d dilatation of (S,4>). Let M be a hyperbolic 3-manifold, and F a fibered face 
(see |37J). Then F is a polyhedron of dimension equal to b\(M) — 1 where b\{M) is the first Betti 
number of M. The rational points in the interior of F correspond to mapping classes (S, (ft) that 
are monodromies of fibrations of M over the circle. 



On any compact subset of the interior of a fibered face F the x-normalized dilatation extends to 
a continuous convex function on F (see [T2] [28]) and hence is bounded. Given a pseudo-Anosov 
(S, (ft), let (5°, (ft ) be the mapping class obtained by letting S° = S\ Sing(0), and (ft = cft\ s o. Then 
(S°,(ft°) is pseudo-Anosov, and \{cft ) = \(<ft) (see, Lemma 2.17). 



By a theorem of Farb, Leininger and Margalit [TT] , the collection of mapping classes (S, (ft) with 
bounded x- norma ^ ze d dilatation correspond (after puncturing S at singularities) to rational points 
on compact subsets of a finite collection fibered faces. 



Figure 7: A positive Coxeter graph related to genus 3 example. 



As an example, numerically d% equals the house of the hyperbolic extension of Eq (see [29], Table 
5, and Figure [7|). Let (ShE 6 i4>hE 6 ) be the mapping class obtained from hE§ using the bipartite 
ordering. Then ShE 6 has genus 4 and 2 boundary components. The genus 3 example obtained from 
the graph T3 in Table [I] has 4 boundary components. Thus, the surfaces ShE 6 an d £r 3 have the 
same topological Euler characteristic. 



The above discussion suggests another version of the minimum dilatation problem. 



Problem 2.24 Find the minimum dilatation of pseudo-Anosov mapping classes with no interior 
singularities of a given topological Euler characteristic. 



3 Twist graphs and twisted Coxeter mapping classes 



In this section, we review Murasugi sums of mapping classes and define (full) twist graphs, and 
associated (full) twist mapping classes. Twist graphs are elementary building blocks that can be 
used to construct small dilatation pseudo-Anosov via Murasugi sum. In particular, we will construct 
sequences of mapping classes associated to iterative joins of twist graphs, and investigate conditions 
under which the normalized dilatations are bounded. 
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3.1 Murasugi sums of mapping classes. 



The Murasugi sum was originally defined for fibered links in S* 3 [31]. In this section we study 
properties of Murasugi sums for arbitrary mapping classes. 

Let P2k be a 2/c-sided polygon with alternate edges removed. The polygon P<ik is properly embedded 
in a compact surface S if the boundary components of P^k are contained in the boundary of S, and 
the interior of Pik is contained in the interior of S. 

Let (So,(j>o) and (Si,(j>i) be two mapping classes with proper embeddings of P 2 k- Let S be the 
surface obtained by gluing So and Si by identifying the interiors of the embedding of P2k in So to 
the interior of the embedding of P<ik in S\ after rotating by 

Note that the intersection of the closure of S \ Si with Si is contained in the boundary of Si for 
i = 0,1. Thus, we can extend : Si — )• Si by the identity on S \ Si and let <f> : S — > S be the 
composition <p = <pi o O . The mapping class (S,cp) is called the Murasugi sum of («Sb,<^o) and 
(Si,4>i) relative to the embeddings of P 2 k- 

Murasugi sum and mapping tori. Let Mq and Mi be the mapping tori of (So, <j>o) and (Si, (f>i). 
Identify Si with a fiber of Mj. Let M? be the result of cutting Mj along tj(P2fc) C 5j, creating a 
boundary component homeomorphic to a sphere with hemispheres identified with two copies ti(-Pi) 
and ti(P 2 ~k) °f ^2fc glued together along their boundaries. Let M' be the result of gluing Mq with 
along boundary spheres, so that ioC-f^fe) ^ s g meo ^ to ti(-P^) and io(-f2fc) is glued to ti(-P^,)- 



Lemma 3.1 The mapping torus M of(S,<ft) is homeomorphic to M' . 





Figure 8: Murasugi sum of surface flows. 



To prove Lemma 3.1 it is useful to view the mapping torus of a mapping class (S, <fi) as a manifold 

f : S x [0, 1] -»• M 



with a continuous surjection 
such that 



(i) f is an embedding on S x [1,0), and 
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(ii) f( S ,l) = (0(s),O), iovseS. 



An / satisfying (i) and (ii) is called a surface flow, with transverse surface S identified with 
f(S x {0}), and monodromy (S,(f>). 



Lemma 3.2 The map from fibrations to surface flows given by modding out the product S x [0, 1] 
by the equivalence (x, 1) ~ ((j)(x),0) is a bijection. 



Proof. Given a surface flow with transverse surface S and monodromy (S, 4>), there is correspond- 
ing fibration of M over S 1 with monodromy (S, 4>) defined by contracting the embedded surfaces 
f(Sx{t}). □ 

We relax the definition of surface flow slightly to include the following. Let / : S x [0, 1] — >• M be 
a continuous surjective map so that (i) is replaced by 

(ia) f\(sx{t}) is 1-1 f° r an t G [0) 1]; an d 

(ib) f(s,t) = f(s',t') only if s = s' and for all h 6 /(s,ti) = f(s,t). 



Given a flow / satisfying (ia), (ib) and (zi), one can continuously deform / until it satisfies (i) and 
(ii), and hence / determines a unique fibration of M with fiber S. We will use this weaker version 
of surface flow in what follows. 




Figure 9: Local gluing of So and S± at P with upward surface flow. 



Proof of Lemma 3.1 

(Si, (pi), for i 



Let P = Pzk, and let (Mi,Si,fi) be two flows defined (up to isotopy) by 
0,1.. Define a flow (M, S, f ) by f : S x [0, 1] -> M, where 



fo(a,2t) if s G So, < t < 1/2 

fl(s,0) if s G Si \ti(P), < t < 1/2 

fo(s,l) if sG So\lo(P), 1/2 < i < 1 

fi(s,2t — 1) if s G 5i, 1/2 < t < 1 



The sum of the flows is illustrated in Figure [8j The monodromy <f> is the isotopy type of the 
composition f\ o / . Figure |9] illustrates the local gluing of So and Si. The map / defines a unique 
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surface flow on M up to isotopy, and hence a fibration of 

M —?■ S 1 , 

with monodromy equal to the Murasugi sum of (So, 4>o and (Si, cj>i) 



□ 





Figure 10: Join of graphs, and corresponding geometric realization. 



Example 3.3 Let Tj = (Vj,£j), i = 0, 1 be two mixed-sign Coxeter graphs, and let v,- t E Vj be 
fixed vertices. Then the join of Tq and Ti at t;o and v\ is the graph obtained by taking the disjoint 
union of Tq and Ti and adding a new edge e between and t>i. If Tq and Fi are ordered and have 
fat graph structure at their vertices, then the join is determined by the choice of element Wi E V Vi 
for each i = 1,2. Then v\ is inserted into V„ 2 after 1C2, and similarly V2 is inserted into V^j after 

Assume that Ti are simply-laced Coxeter graphs with global orderings and local fatgraph structure, 
let Si, i = 0, 1 be sign labels on Vj, and let (Sr ijSi , ^r^sj be the corresponding Coxeter mapping 
class. Then for any choice of pairs of adjacent edges at vq and v\, we have a new mixed-sign Coxeter 
graph with global and local fatgraph structure (T,s), and the Coxeter mapping class (Sr, s ,<^r,s) is 
obtained from (Sr^Sj) by Murasugi sum along square a P4. 



Figure 10 shows an example. Although the graphs are drawn with sign-labelings, the geometric 
realizations only depend on the underlying ordered fat graphs. 



3.2 Full twist braids and their monodromy. 



In this section, we will define twist maps and twist graphs, and use them as building blocks for 

(k) (k)\ 

constructing sequences of mixed-sign Coxeter mapping classes. The twist maps (S m , 
k > 1, have the following properties 

1. (Sm , R^m) is the Coxeter mapping class associated to a graph with s = — 1; 
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2. (Rm^) km is a product of left Dehn twists on the boundary components of S r 



and 



3. the mapping class r!$ preserves a flat structure on Em with a periodic orbit O of order km, 



and the mapping torus of the restrictions (E„ \ O, R 



W\o- 



are independent of k. 



(k) (k) o 

Let bin be the product of k full twist braids on m strands. Consider the link L m in <S defined by 
bm^ with an encircling link E. The case where m = 5 and fc = 1 is illustrated in Figure 111 The 
complement of a tubular neigborhood L m U E in S 3 can be identified with the product of a circle 
with the surface <S'o,m+ 1 with genus and m + 1 boundary components, and thus is independent of 
k. 





Figure 11: Closure of a full twist braid on 5 strands, and a fiber surface. 
Consider the fibration of 5 \ L m U £7 with fiber equal to the surface E m drawn on the right in 



Figure 11 The monodromy is periodic of order km (modulo the action near the boundary), and 



can be seen explicitly as follows. 



(k) 

The surface Ti m is a union of m main disks (drawn vertically in Figure 11 ) and km attaching disks 



(drawn horirzontally). We can think of the darkly shaded regions as being the positively oriented 

(k) 

side of Em , and the lightly shaded region as being on the negatively oriented side. Number the 
main disks from right to left d\, . . . , d m and the attaching disks tti, . . . , aj^ m from top to bottom. 
Then the monodromy acts by cyclically permuting the main disks 



d 2 



dr. 



di 



while rotating them by t^, and the attaching disks 
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O'km 
,(fe) 



rotates the 



while rotating them by The mapping class R$ has the property that (Rm ) r 
interiors of each of the disks by 360 degrees in the counter-clockwise direction. In other words, it 
is isotopic to the product of left Dehn twists along boundary parallel curves. Thus we have the 
following. 



Lemma 3.4 The twist mapping class R m has the property that 

(R^) km = (d 1 od 2 o...d m )- 1 
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where di is a positive Dehn twist around the ith boundary component ofE m . (Here, the ordering 
does not matter, since the Dehn twists on the right hand side of the equation commute.) 



We now show that the mapping classes (^j^yi^ ^ Rrn^^j 
mapping classes. 



are the partial closures of mixed-sign Coxeter 



1) vertices shown in the right diagram of Figure 12 



Consider the graph T m with (m — 1) x (m 
Order the vertices on the graph T m in any way that is compatible with the arrows, and label all 
vertices —1. Denote the signed graph by (T m , —1). The left diagram shows a picture of S m and the 
middle diagram gives a blow up of the oriented simple closed curves corresponding to the vertices 
of T m verifying that (T m , — 1) has the correct incidences. 






Figure 12: Mixed-sign Coxeter graph (T m , —1) realized by R m , for m = 5. 



Lemma 3.5 The twist mapping class (S m , R m ) is the Coxeter mapping class for the graph (T m , — 1) 
closed over all but m of its boundary components. 



Proof. Let (Y m , f m ) be the mixed sign Coxeter mapping class associated to (T m , — 1) 



By inspecting the intersections of the loops drawn on the left and middle diagrams of Figure 12 
one sees that their intersection graph is equal to T m . Thus, Y m embeds in S m and S m \ Y m is a 
union of disks in the interior of S„, . 



Observe that the embedding of S m in S 3 can be inductively defined as the union of negatively 
twisted Hopf bands: one starts with a single negatively twisted Hopf band, corresponding to the 
top most vertex of T m ; then the surface obtained at the nth stage of the inductive process equals 
the union of the surface obtained at the (n — l)st stage by attaching a Hopf plumbing along an 
embedded square. By the theory of Murasugi sums reviewed in Section |3.1[ it follows that the 
extension of f m to S m equals R m , and thus the partial closure of (Y m , f m ) is (S m , R m ) as required. 
□ 



Remark 3.6 A Coxeter system is spherical if its associated bilinear form is positive or negative 
definite, and it is affine if its bilinear form is positive or negative semi-definite. In the classical 
case, where 5 = 1, the Coxeter system is spherical or affine if and only if a Coxeter element has 
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spectral radius equal to 1. The graphs (T m , — 1) are examples of mixed-sign Coxeter systems whose 
Coxeter element has spectral radius one, but is not spherical or affine (for example, the Coxeter 
group contains hyperbolic elements). 



Problem 3.7 Classify the mixed-sign Coxeter systems. 



Flat structure. Give each d\, . . . , d m and a±, . . . , a rt 

R m preserves the induced singular flat structure on S„ 
cti, . . . , a m are each permuted cyclically, preserving centers and rotating the m-gons by an angle of 



the flat structure of regular m-gons. Then 
, More precisely, the m-gons d%, . . . , d m , and 





Figure 13: The main disks d\, . . . ,d m ,d m+ i, where d m+ \ is identified with d\ (m = 3). 



Figure 13 shows two views of S m for m = 3. The left-most figure shows a view of the surface with 
boundary, where one of the three boundary curves is drawn spiraling inward. The 3-gons d\, d2, d^ 
are drawn as hexagons (the innermost hexagon is identified with the outermost hexagon), and the 
boundary of one of the hexagons aj is drawn as a zigzag. The right-hand figure gives a side view, 
where the top hexagon corresponds to the inner hexagon in the left hand diagram. Again the 
bottom hexagon is identified with the top hexagon. The map R m takes each di and a% and rotates 
by an angle of | in the counter-clockwise direction. 





Figure 14: Two views of the twist surface (homeomorphic to a torus) for m = 3. 

If we shrink the boundary of S m to a point, then the resulting surface can be given a flat structure 
as the union of 2m regular m-gons of equal size. To visualize the flat structure on the closure 
S m , one contracts the spiraling boundary curves. For example, S3 is a torus, and R3 preserves its 
structure as a union of six equilateral triangles. In Figure 14 the surface S3 and its flat structure 
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Figure 15: The twist surface for m = 4. 



are shown. Sides labeled with the same symbol are identified. One can see that S3 is a translation 
surface. 



The map R4 preserves the structure of S4 as the union of 8 squares (Figure 15). Again, we see that 
S4 is a translation surface. While the flat structure on S3 has no singularities, the flat structure 
on S4 has 4 singularities of degree 2. 



3.3 Iterated Murasugi sum with twist maps 



Let (r,s) be a mixed-sign Coxeter mapping class containing (A m , — 1) as a subgraph, where -A- rn is 
the standard spherical Coxeter graph. We will define an extended m-twist graph (T m , —1) with a 
distinguished (A m , — l)-subgraph, and define a sequence of graphs (T^Sfc) obtained by iteratively 
joining the extended m-twist graphs. 



By an extended m-twist graph, we mean the graph with m(m — 1) vertices shown in Figure 16 
center. The right graph in Figure 16 is the k times iterated m-twist graph (T^j, —1) for k = 3. 



Figure 16: The twist graph (left) extended twist graph (center) and iterated twist graph (right) for 
m = 4 and k = 3. 

Let (Sm\ Rm) be the Coxeter mapping classes associated to (T^, —1) after closing over all but m 
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boundary components as in Figure twistgraphsurface-ng. 



(k) (k)\ 

Lemma 3.8 For k > 1, the mapping torus for (T, m , R m ) is homeomorphic to the link complement 
of L in S 3 , where L is the closure of a full twist braid and its encircling link. 



The link L is drawn in Figure 11 Now consider a general mixed-sign Coxeter graph (r, s) containing 
an (A m , —1) subgraph. Let (Sk, 4>k) be the mapping class obtained by joining (T,s) to the extended 
(Ti fc) ,-1) along (A m ,-1). 

Lemma 3.9 The mapping tori for (S^/p®) are all contained in a single homeomorphism class M 
of 3-manifolds for all k > 1, and the mapping tori for (Sk, 4>k) « r e Dehn fillings of M along the 
tubular neighborhood N of the suspension of O, with slope [1 : k] with respect to some fixed choice 
of generators of 7Ti (N) . 



Proof. The mapping torus Mk is obtained by taking the mapping torus for (S,(p), removing a 
ball neighborhood of P, and inserting the mapping torus of (T^\R^ ] ) as in Figure 8l Figure 13l 
After deleting N, the mapping tori of (Ti m ,R m ) are all identical. This is because, each full twist 
corresponds to Dehn filling on N by a [1 : k] -slope. Since ./V is disjoint from the attaching locus 



the homeomorphism type of M? is independent of k. □ 



Remark 3.10 The proof above also applies to the Murasugi sum of an arbitrary mapping class 
(S, 4>) with a properly embedded Pi m with the mixed-sign Coxeter mapping classes associated to 

(Tm \ —1). 



Attaching tails, and iterated Hopf plumbing. 

Consider the special case when m = 1. Then the corresponding Coxeter graph is (Ak, —1), where 
Ak is the classical spherical Coxeter system. In this case, since A^ is a tree, and hence bipartite 



(see Section 2.5) the signs on the vertices (in this case "-1") can be replaced by 1, and we can take 



(k) 

T 2 to be the classical Ak diagram. 

Let (S, 4>) is any mapping class with an attaching square, and (Sk, <ftk) is the sequence of mapping 
classes obtained by attaching (T,[ k \ R^). We call (Sk, <j>k) the sequence of mapping classes obtained 
from (S, <p) by attaching a tail. 

A Salem-Boyd sequence of polynomials is a sequence of the form 

P k (x) = x k Q(x) + Q*(x) 
where Q(x) is a monic integer polynomial, and Q* 

( x ) = x A ^Q)Q(l/x) is the reciprocal of Q(x). 
These sequences were used in [36] and [6] to study properties of Salem numbers. The house \Pk\ of 
Pk has the following properties (see, [13] Theorem 12). 
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Theorem 3.11 If P k (x) = x k Q{x) + Q*(x) is a Salem-Boyd sequence, then 

(i) the number of roots of Pk outside the unit circle is monotone increasing, and eventually con- 

stant, and 

(ii) limfc^oo \P k \ = \Q k \. 



Mapping classes (5jt, (f>k) corresponding to graphs with tails are studied in |13j in the case when the 
graph is dual to a chord system on a disk. In this case, it is shown that the mapping classes are 
the monodromy of a sequence of links in S" 3 , obtained from a single fibered link Lq by twisting 
a suitable pair of strands. Furthermore, the Alexander polynomial, or characteristic polynomial 
of the action of fa on first homology, is a Salem-Boyd sequence. The proof (see [13], Theorem 9) 



relies only on the form of {4>k)* given in Theorem 2.8 and Theorem 2.13 



Theorem 3.12 (|13j, Theorem 9) The Alexander polynomial A k corresponding to (Sk,4>k) i> s a 
Salem-Boyd sequence, and hence the homological dilatations \hom(<ftk) form a convergent sequence. 



Corollary 3.13 Let (Sk,4>k) be obtained by attaching a single tail to a mapping class (S,(p). Then 
either 



ft) X hom( ( f ) k) = for all k, or 

(ii) |Afc| converges to a real number greater than one. 

Proof. This follows from Theorem 13.121 and Theorem 13.111 □ 

Corollary 3.14 Let (T,s) be a connected mixed-sign Coxeter graph, v 6 V a distinguished vertex, 
and (Tfc,Sfc) the join o/T,s with (Ak,s(v)). Let (Sk,4>k) be any Coxeter mapping class associated 
to (r&,Sfc). Then either 

(i) 4>k is periodic, 

(ii) (f)k is pseudo-Anosov, but ^h om (4'k) = for all k, or 

(Hi) for large k, (ft/- is pseudo-Anosov, and there is a constant C such that 

KM > c > i. 



Proof. Since T is connected, each 
for some k, then, by Corollary 



is either periodic, or cpk is pseudo-Anosov. If |A^| > 1 



In this case, by Theorem 2.14 
i = Hindoo | Ad. 



3.13 



A 



horn' 



I Ad is greater than one for k large enough. 



is pseudo-Anosov, and, for any e > 0, \(<pk) > 



e, where 

□ 
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Example 3.15 Let (r mj „,s) be the graph in Figure 17 Since is a bipartite graph, and 



hence (by Theorem 2.18) it is interchangeable with the standard A„-Coxeter graph with all signs 



positive. Thus, we can think of this graph as being obtained from the connected two vertex graph 
with opposite sign labels on the vertices by joining m and n iterated twist graphs of width r = 1. 
Since the graph is bipartite, the ordering of the vertices does not change value of |wr m ,„,s|- Let 
(S m , n , 4>m,n) be the mapping class associated to (T m)n ,s). The surface S m , n has genus 



9n 



m + n 



and one or two boundary components, according to whether m + n is even or odd. Here [a] denotes 
the greatest integer less than or equal to a real number a. In particular, g m m = to. 



m » ♦ 



Figure 17: mixed-sign Coxeter graph (T^,s) obtained by joining twist graphs of width 1. 

The mapping classes (S m>n , <f>m,n) have also been studied in a different form by P. Brinkmann [7] 
and [15 1 (cf. [39J), yielding the following. 



Theorem 3.16 (Brinkmann [7J, Hironaka-Kin [15J, Tsai [39J) For allm,n, (S n 
pseudo-Anosov, and for fixed m + n, the dilatation is minimized when m = n. Furthermore, 



/.S 



log(A(0 Sj9 )) 



log(fl) 



The following question is open. 



Question 3.17 Is there a mixed-sign Coxeter graph (T,s) with vertices Vi, ... ,v m (possibly counted 
with multiplicity) so that the mapping classes (<%, 0t) associated to the joins of(T,s) with iterated 
fcj- twists of width 1 at each of the v%, k = (fei, . . . , k m ), has the asymptotic behavior 



log(A%)) 



9 k 



(4) 



where and is the genus of ? 



3.4 Asymptotically small dilatation Coxeter mapping classes. 



In this section, we prove Theorem 1.2 by showing the existence of a sequence of mixed-sign Coxeter 
mapping classes (Sk,4>k) whose closures (Sk,(j>k) have the following properties: 



(i) cft k is pseudo-Anosov, 

(ii) the associated stable and unstable foliations are orientable, 
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Figure 18: A negatively signed Coxeter fatgraph for k = 1, k = 2 and k = 3. 

(iii) Sk has monotone increasing genus gk, 

(iv) A(0 fc ) approaches 1, and furthermore 

lim \g>f) = 3+ 5 , 

re— »oo Z 

the smallest known accumulation point of genus-normalized dilatations. 

The mapping classes (Sk,4>k) are obtained from the mixed-sign Coxeter mapping classes corre- 
sponding to the negatively signed graphs Tj- drawn in Figure [18] by closing over all but 3 boundary 
components. The graphs are given their fatgraph structures as planar graphs. 

To show that the mapping classes (Sk,(f>k) satisfy the conditions (i)-(iv), we relate them to the 
monodromy of the links drawn in [l9j The figure shows pairs of equivalent link diagrams for the 
mapping tori of (<Sfc, <pk), k = 1, 2. In the left versions the shaded region shows the contribution 
of the copies of (£3,^3). The links beside them on the right shows an equivalent positive braid 
version of the links. The graphs give rise to the Seifert surfaces corresponding to the latter 
planar projection of the links after closing over suitable boundary components. 




Figure 19: Link diagram for Sk,4>k, for k = 1,2. 



Lemma 3.18 The mapping classes (Sk,(ftk) corresponding to (r^,— 1) satisfy (i)-(iv). 
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By Lemma 3.9, the mapping tori for (S®, belong to a single homeomorphism class, in this case, 
it is the complement M of the 62-link L in 5 3 (see, the knot table in [33]). The link is shown in 



Figure 20 




Figure 20: The 6|-link. 

The mapping class, written as 4>o = &1&2 1 hi terms of the standard braid generators, is known as 
the simplest hyperbolic braid monodromy, The fibered face defined by the braid monodromy (j>Q 



shown in the link diagram in Figure 20 was studied in |14j . The link L has two components, K\ 



corresponds to the strands of the braid, and K2 is the encircling link. Let t G H\(M, Z) be the 
meridian loop around K\ and let u € i?i(M;Z) be the meridian loop around K<i- Let £ be the 
dual to t and ip the dual to u in H 1 (M;'L). Then ifi is the fibration of M corresponding to the 
braid monodromy <f>Q. Given a fibration a : M — > S , there is a corresponding element of H (M; Z) 
defined by the induced map a* : Hi(M;Z) — > Z, and hence we can write 

a* = aip + &£. 

The integers a and b are determined by the condition that a* restricted to H\{S a ;'L) is trivial, 
where S a is any fiber of a. 



For each k, we will show that {Sk,<t>k 
can be obtained from that of the 62-link shown in Figure 
of K2, and refilling with meridian ^! 2 , where 



is the monodromy of 6kip + £. The link diagrams for (S^, 4>k) 

by removing a tubular neighborhood 
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M2 



/U2 — kl2- 



Under the induced homomorphisms ^/>*,£* : i?i(M;Z) — )• Hi(S 1 ;Z) = Z„ we have ■0*(^u 2 ) = 1, and 



-3A;. Thus, (5^, 0^) is the monodromy of the fibration defined by = 3fc-0 + £. 



The homological and geometric dilatations of (Sk,4>k) can be computed from the Teichmiiller and 
Alexander polynomials of M. Since 6| is a symmetric braid (that is, if one can move the link 
isotopically to get the same link diagram with K\ and K2 switched) it follows that the fibered face 
for if; and invariants like the Teichmiiller polynomial are the same as those of the fibered face for £ 
(after switching variables). For the 62-link complement, the Thurson norm is defined by 



||(a,6)|| =max{|2a|,|26|}, 

so for k > 1, ipk nes i n tli e fibered face containing £, and the rays through tpk in i7 1 (M;l 
to the ray through £. Using the computations in [28] and [H], we have the following. 



I) converge 



Corollary 3.19 The mapping classes (Sk,4>k) have genus 3k — 1. 
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Proposition 3.20 The homological and geometric dilatations of (Sk,4>k) are given by 
\geo(<Pk) = A(0 fc ) = |LT lj3fe | = \x 6k - x 2k+1 - x 3k - x 3 ^ 1 + 1|, 

and 

\ hom (<t> k ) = \x 6k - x 3k+1 + x 3k - x 3 ^ 1 + 1|. 

Corollary 3.21 When k is even, then (Sk,<j>k) is orientable, and attains Lanneau and Thiffeault's 
conjectural minimum dilatation for orientable pseudo-Anosov mapping classes on closed surfaces of 
even genus. 



Corollary 3.22 The mapping class (S^,^) is a minimum dilatation orientable mapping class for 
genus g = 5.. 



The following was proved (in stronger form) in [T3] using fibered face theory. 



Lemma 3.23 



lim \(4> k 

k—*oc 



3fc _ 3 + y/5 



This completes the proof of Theorem 1.2 
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